This note studies rational maps between complex algebraic K3 surfaces and Kummer surfaces. Firstly, we extend Inose and Shioda's Kummer sandwich theorem to all algebraic K3 surfaces with Shioda-Inose structures. Secondly, we give a partial answer to a question of Shafarevich about rational maps between K3 surfaces, when the targets of rational maps are Kummer surfaces.
Introduction
As is well-known, two elliptic curves E and F are defined to be isogenous if there exists a finite morphism E → F . Since a finite morphism E → F exists if and only if a finite morphism F → E of the opposite direction exists, this notion defines an equivalence relation among elliptic curves. In the present article, we investigate the following analogous problem for K3 surfaces, a sort of generalization of elliptic curves. Problem 1.1 (Inose [1] , Shioda [7] ). Let X and Y be complex algebraic K3 surfaces. Suppose that one is given a dominant rational map f : X Y .
Then does there exist a dominant rational map g : Y X ?
One of the motivations of Inose and Shioda for this problem is to define a notion of isogeny for K3 surfaces in terms of rational maps, as like for elliptic curves. Up to now, Problem 1.1 is solved affirmatively when ρ(X) = 20 or 19 by Inose [1] and Nikulin-Shafarevich [5] .
On the other hand, the following refined version of Problem 1.1 has also been studied in some special cases. The double coverings associated to Shioda-Inose structures are typical rational maps between K3 surfaces, and have been studied from both geometrical and arithmetical viewpoints. Inose [1] and Shioda [7] gave the positive answer to Problem 1.2 when X admits a Shioda-Inose structure such that the corresponding Abelian surface is a product of two elliptic curves, and f : X Y is the associated rational map of degree 2.
In the first part of this article, we extend Inose and Shioda's results as follows. X of degree 2 such that π
Thus one has the following sequence of rational maps of degree 2 for X as in Theorem 1.4 :
The K3 surface X can be constructed not only as a covering of Km(A) but also as a quotient of Km(A). In particular, we have a rational map A X of degree 4. After Shioda [7] , Theorem 1.4 may be called Kummer sandwich theorem for K3 surfaces with Shioda-Inose structure. By similar arguments as the proof of Theorem 1.4, we will also give a negative example to Problem 1.2.
On the other hand, we shall prove the following result for Problem 1.1. 
As a consequence, if there exists a dominant rational map Y X for X and Y as in Theorem 1.5, then there exists a dominant rational map X Y of the opposite direction. Theorem 1.5, which might be regarded as a kind of Torelli-type theorem, is a partial answer to a question of Shafarevich ([5] Question 1.1). Obviously, Inose and Shioda's problem is closely related with Shafarevich's question.
The rest of the article is organized as follows. In Sect.2, the Kummer sandwich theorem 1.4 is proved. In Sect.3, a negative example to Problem 1.2 is constructed. In Sect.4, Theorem 1.5 is proved. Sect.4 may be read independently of the previous sections.
The varieties under consideration are complex algebraic. For an algebraic surface X, its transcendental lattice and Picard number are denoted by T X and ρ(X) respectively. By U we denote the rank 2 even indefinite unimodular lattice. By E 8 we denote the rank 8 even negative-definite unimodular lattice. For a lattice L = (L, (, ) L ) and a natural number n > 0, we denote by L(n) the scaled lattice (L, n(, ) L ). Acknowledgements. The author wishes to express his gratitude to Professor Ken-Ichi Yoshikawa for advises and encouragements. This work was supported by Grant-in-Aid for JSPS fellows.
Kummer sandwich theorem
Let X be an algebraic K3 surface. Recall that a Nikulin involution of X is an involution ι : X → X which acts trivially on H 2,0 (X). If we have a rational map π : X Y of degree 2 to a K3 surface Y , then the covering transformation X → X of π is a Nikulin involution of X. Conversely, for a Nikulin involution ι of X, the minimal resolution Y = X/ ι of the quotient surface is again a K3 surface ( [4] ), and we obtain the rational quotient map π : X Y . The transcendental lattices T X and T Y are related by the chain of inclusions
which preserves the quadratic forms and the Hodge structures.
Nikulin [4] , [5] and Morrison [3] developed the lattice-theoretic aspects of Nikulin involutions. Let us denote
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We shall regard Λ 0 as a submodule of Λ 1 in a natural way. 
where the Hodge structure of T is induced from T X . Conversely, if one has a rational map X Y of degree 2 to a K3 surface Y , then there exists a primitive embedding T X ⊂ Λ 0 such that T Y is Hodge isometric to the lattice T defined by (2.4).
By this proposition, the construction of a rational map X Y of degree 2 is reduced to a purely arithmetic problem.
Denote the Dynkin diagram of E 8 by
We identify the Z-modules underlying E 8 and E 8 (2) in a natural way, and regard the above set {v i } be the standard basis of U 3 . We have (e i , e j ) = (f i , f j ) = 0 and (e i , f j ) = δ ij .
Define the vectors l i , m i ∈ Λ 0 = E 8 (2) ⊕ U 3 , i = 1, 2, 3, by
and put L :
Proof. We can extend the set {l i , m i } 3 i=1 to a basis of Λ 0 by adding the set of vectors {v 3 , v 5 , e 1 , f 1 , e 2 , f 2 , e 3 , f 3 }. Thus L is primitive in Λ 0 . The assertion (2) is obvious and the assertion (1) is proved by direct calculations. 
Proof. By the definitions, we have the Hodge isometries
3 . By composing ϕ with an isometry U (2) 3 ≃ L, we obtain a primitive embedding ψ :
By Proposition 2.1, there exists a Nikulin involution ι : Y → Y such that for the minimal resolution Z of Y / ι the transcendental lattice T Z is Hodge isometric to
By the Torelli theorem for algebraic K3 surfaces with large Picard numbers ( [6] , [3] ), we have Z ≃ X.
The rational quotient map π : Y X constructed in Theorem 2.3 induces Hodge isometries π * : T Y (2) → 2T X and π * : T X (2) → T Y . Proof. Assume that we have a rational map Km(A) X of degree 2. Let Λ 0 and Λ 1 be the lattices defined by (2.2) and (2.3). By Proposition 2.1, there exists a primitive embedding T A (2) ֒→ Λ 0 such that
Via this embedding, we regard T A (2) as a primitive sublattice of Λ 0 . Let π : T A (2) → U 3 be the orthogonal projection, which is injective by the condition (3.1). Let M := π(T A (2)) and denote by N the primitive closure of M in U 3 . By the condition (3.1) again, the Abelian group N/M has no 2-
we have
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The second isomorphism follows from the fact that N is a primitive sublattice of the unimodular lattice U 3 . In particular, the length of (D M ) 2 is less than or equal to 2. On the other hand, we have (v, w) ∈ 2Z for every v, w ∈ M . Thus we have Proof. Let v i , e j , f k ∈ E 8 (2) ⊕ U 3 be the vectors defined in Section 2. Set
Similarly as Lemma 2.2, we will see that the vectors w 1 , · · · , w 4 define a primitive embedding ϕ : 2U ⊕ 2L ֒→ Λ 0 such that
By Proposition 2.1 and the Torelli theorem, we obtain a double covering X Km(A). The Kummer sandwich diagram (1.1) is an example of this corollary. Note that there does not exist non-constant rational map X A because we have h 1 (O X ) = 0.
